Abstract. In this paper, we prove some analogues of Payne-Polya-Weinberger, HileProtter and Yang's inequalities for Dirichlet (discrete) Laplace eigenvalues on any subset in the integer lattice Z n . This partially answers a question posed by Chung and Oden [CO00].
Introduction
The eigenvalue problem of the Laplace operator with Dirichlet boundary condition, called Dirichlet Laplacian in short, on a bounded domain Ω ⊂ R n has been extensively studied in the literature, see e.g. [CH53, Cha84, SY94] . We denote by 0 < λ 1 < λ 2 ≤ λ 3 ≤ · · · ↑ ∞ the spectrum of Dirichlet Laplacian on Ω, counting the multiplicity of eigenvalues. In 1911, Weyl [Wey12] proved that
where ω n is the volume of the unit ball in R n and vol(Ω) is the volume of Ω. Furthermore, Pólya [Pol61] conjectured the eigenvalues λ k would satisfy
(ω n vol(Ω)) 2 n k 2 n , k = 1, 2, 3, · · · .
Li and Yau [LY83] proved that λ k ≥ n n + 2 4π 2 (ω n vol(Ω)) 2 n k 2 n , k = 1, 2, 3, · · · .
For the gaps between consecutive eigenvalues of Dirichlet Laplacian, it was first proved by Payne, Polya and Weinberger [PPW56] for a bounded domain in R 2 and was then generalized to R n by Thompson [Tho69] that for any k ≥ 1,
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which is now called Payne-Polya-Weinberger inequality. Later, Hile and Protter [HP80] obtained the so-called Hile-Protter inequality that
A sharp inequality was proved by Yang [Yan91, CY07] that
which implies (1.2)
These inequalities, (1.1) and (1.2), are called Yang's first and second inequalities respectively, see [AB96, HS97, Ash, Ash02] . It is well-known, see e.g. [Ash] , that Yang's first inequality implies Yang's second inequality; the latter yields Hile-Protter inequality; HileProtter inequality is stronger than Payne-Polya-Weinberger inequality. We say these inequalities are universal since they apply to all bounded domains Ω ⊂ R n . Universal inequalities for eigenvalues of Dirichlet Laplacians in R n and their generalizations to general manifolds have been studied by many authors, see e.g. [Li80, YY80, Leu91, Har93, HM94, HS97, CY05, CY06, Har07, CC08, SCY08, CY09, ESHd09, CZL12, CZY16] The Dirichlet Laplacian on a finite subset of a graph has been investigated in the literature of discrete analysis, see e.g. [Dod84, Fri93, CG98, CY00, BHJ14] and many others. In this paper, we consider eigenvalue problems for Dirichlet Laplacians on integer lattices. First, we recall some basic notions of Laplace operators on discrete spaces, i.e. on graphs. Let (V, E) be a simple, undirected, locally finite graph with the set of vertices V and the set of edges E which has no isolated vertices. Two vertices x, y are called neighbors, denoted by x ∼ y, if there is an edge connecting them. The degree of a vertex x, denoted by d x is defined as the number of neighbors of x. The (discrete) Laplacian ∆ on (V, E) is defined as
Let Ω be a finite subset of V. We define the vertex boundary of Ω as
We denote by ℓ 2 (Ω, d) the Hilbert space of all functions defined on Ω equipped with the inner product,
The Laplacian with Dirichlet boundary condition on Ω, denoted by ∆ Ω , is defined as, for
where f is the null extension of f to V, i.e. f (x) = f (x), ∀x ∈ Ω and f (x) = 0, ∀x ∈ V \ Ω. We will simply write ∆ for ∆ Ω if the subset Ω is clear in the context. One is ready to check that ∆ Ω is a self-adjoint operator on ℓ 2 (Ω, d), see e.g. [BHJ14] . Moreover, λ is an eigenvalue of −∆ Ω if and only if there is a function u : Ω ∪ δΩ → R such that
For a finite subset Ω, we write the spectrum of the Dirichlet Laplacian on Ω, i.e. eigenvalues of −∆ Ω , as
where N := ♯Ω denotes the number of vertices in Ω. Note that by the definition of the Laplacian all the eigenvalues are bounded above by 2.
The n-dimensional integer lattice graph, denoted by Z n , is of particular interest which serves as the discrete counterpart of R n , see Section 2 for the definition. Since Z n is bipartite, the spectrum of the Dirichlet Laplacian on any finite subset of Z n is symmetric with respect to 1, i.e.
(1.4)
In particular, this implies that for any k ≤ N,
see Proposition 2.5. Chung and Oden [CO00, pp. 268] proposed a question whether one can generalize Payne-Polya-Weinberger inequality to the discrete setting, i.e. for eigenvalues of Dirichlet Laplacian on subsets in Z n . In this paper, following the proof strategies in the continuous setting, we prove a discrete analogue of Payne-Polya-Weinberger inequality in Z n , which partially answers the above question. Theorem 1.1 (Payne-Polya-Weinberger type inequality). Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Then for any 1 ≤ k ≤ ♯Ω − 1,
As a corollary, by setting k = 1, we obtain the upper bound estimate for the first gap of Dirichlet eigenvalues of a subset in Z n , see Section 4 for the proof. Corollary 1.2. Let Ω be a finite subset of Z n with ♯Ω ≥ 2 and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Then
where the right hand side is to be interpreted as infinity if λ 1 = 1. Moreover,
We also obtain a discrete analogue of Hile-Protter inequality, following e.g. [Ash] .
Theorem 1.3 (Hile-Protter type inequality).
Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Then for any 1 ≤ k ≤ ♯Ω − 1,
where the left hand side is to be interpreted as infinity if λ k+1 = λ k .
Following the arguments in [Yan91, Ash, CY07], we are able to generalize Yang's first inequality to the discrete setting. Theorem 1.4 (Yang type first inequality). Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Then for any 1 ≤ k ≤ ♯Ω − 1,
By Chebyshev's inequality, Yang type second inequality on Z n follows from the first one, see [CZY16] . Theorem 1.5 (Yang type second inequality). Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω.
Note that the additional condition λ k+1 ≤ 1 + 4 n is trivial for n ≤ 4. Using the argument in [CY07] , Yang type first inequality yields the following corollary, see Section 4 for the proof. Corollary 1.6. Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. If λ k < 1 for some 1 ≤ k ≤ ♯Ω − 1, then
In particular, if λ k ≤ 1 − δ for some δ > 0, then
The estimate (1.5) is analogous to the estimate in [CY07] for bounded domains in R n , i.e.
Although the number of eigenvalues is finite for a fixed subset Ω, the estimate (1.5) is still interesting since it holds for any subset in Z n for which the first eigenvalue λ 1 could be arbitrarily small. Similar to the continuous setting, we obtain the relations between these universal inequalities. Under the condition that λ k+1 ≤ 1 + The first implication follows from the proof of Theorem 1.5. The second one follows from a convexity argument in [Ash] , see Proposition 2.7. It is easy to see that the last implication holds, see the proof of Theorem 1.1.
The paper is organized as follows: In next section, we introduce some basic properties related to the analysis on graphs. Section 3 is devoted to the proofs of main results, Theorem 1.1, 1.3, 1.4 and 1.5. In the last section, some applications of universal inequalities are given.
Preliminaries
Let G = (V, E) be a simple, undirected, locally finite graph. For the convenience, we introduce the following notion, µ : V × V → {0, 1}, (x, y) → µ xy , such that µ xy = 1 if and only if x ∼ y. So that the degree of a vertex x is given by d x := y∈V µ xy . We write for simplicity
if it is clear in the context.
We denote by
The n-dimensional integer lattice graph, still denoted by Z n , is the graph consisting of the set of vertices V = Z n and the set of edges E = {{x, y} :
Given f : V → R and x, y ∈ V, we denote by ∇ xy f := f (y) − f (x) the difference of the function f on the vertices x and y. One can easily check that for any function f, g : V → R and any x, y ∈ V,
We introduce the following discrete analogue to the square of the gradient of a function.
Definition 2.1. The gradient form Γ, called the "carré du champ" operator, is defined by, for f, g :
We write Γ(f ) := Γ(f, f ) for simplicity.
The following lemma is useful.
Lemma 2.2. Let u be a function on Z n of finite support and {x α } n α=1 be standard coordinate functions. Then
Proof. The first assertion follows from the fact that for any x, y ∈ V satisfying x ∼ y,
For the second assertion, we denote by {e α } n α=1 the set of natural orthonormal bases of R n where e α is the unit vector whose α-th coordinate is 1. Then
This proves the lemma.
The following Green's formula is well-known, see e.g. [Gri09] .
Proposition 2.3. Let (V, E) be a graph, f be a function with finite support on V and g be any function on V. Then
The following Chebyshev's inequality is also well-known.
Since Z n is bipartite, the spectrum of Dirichlet Laplace on any subset Ω is symmetric, see (1.4). This yields the following proposition.
Proposition 2.5. Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Then for any k ≤ ♯Ω,
The equality holds if and only if k = ♯Ω.
respectively. By (1.4), we know that ♯K 1+ ≤ ♯K 1− and
This implies that
The equality case is easy to verify in the above argument.
The Rayleigh quotient characterization for the first eigenvalue of Dirichlet Laplacian on a finite subset Ω ⊂ V reads as
where f is the null extension of f to V. We say that Ω is connected if the induced subgraph on Ω is connected.
Proposition 2.6. Let Ω be a finite connected subset of Z n with ♯Ω ≥ 2 and λ 1 be the first eigenvalue of the Dirichlet Laplacian on Ω. Then
Proof. By the assumption, there are two vertices
We consider the eigenvalues of Dirichlet Laplacian on H, and denote by λ H 1 its first eigenvalue. By Rayleigh quotient characterization, one is ready to see that
By the convexity argument of [Ash] , we have the following implication, (Yang-2) =⇒ (Hile-Protter).
Proposition 2.7. Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Suppose that (Yang-2) holds, then we have (Hile-Protter).
Proof. Without loss of generality, we may assume that λ k < λ k+1 . Set g(x) := x λ k+1 −x . It is easy to see that the function g is convex in x ∈ (−∞, λ k+1 ). Hence
where we have used Jensen's inequality for convex function g(·). By plugging (Yang-2) into the above inequality and using
we prove the proposition.
Proof of main results
In this section, we prove the main results, Theorem 1.1, 1.3 and 1.4, following the arguments in [Ash, CY07] .
Let Ω be a finite subset of Z n and λ k be the k-th eigenvalue of the Dirichlet Laplacian on Ω. Let k ≤ ♯Ω − 1. For any 1 ≤ i ≤ k, set u i be the normalized eigenvectors associated with the eigenvalue λ i , i.e.
for any 1 ≤ i, j ≤ k. For convenience, we extend the eigenvectors to the whole graph Z n , still denoted by {u i } k i=1 , such that u i (y) = 0, ∀y ∈ Z n \ Ω. It is easy to check that
Let g be one of the coordinate functions, i.e. g = x α for some 1 ≤ α ≤ n. It is easy to check that ∆g = 0, ∆(g 2 ) = 1 n .
We define for any 1 ≤ i ≤ k,
where
Note that a ij = a ji for any 1 ≤ i, j ≤ k. Set
We have the following proposition.
Proposition 3.1. Proof. By Green's formula, Proposition 2.3, and (2.2),
Note that
Multiplying −ϕ i on both sides of the above equation and summing over x ∈ Z n with weights d x , we get
and we have used Green's formula, Proposition 2.3, and (3.1). For the first term on the right hand side of the above equation, by using (3.1)
Moreover, by (3.1) and the Rayleigh quotient characterization of λ k+1 ,
This yields that
Here by the symmetrization of x, y, the elementary equality (2.1) and Green's formula, Proposition 2.3, we have
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Without loss of generality, we may assume λ k < λ k+1 . We claim that for any 1 ≤ i ≤ k,
To prove the claim, it suffices to assume K g (u i ) > 0. By (3.2),
which implies that x ϕ 2 i (x)d x > 0. Hence, combining this with (3.3), we have for any
By using (3.4),
Summing over i from 1 to k and noting that a ij is symmetric, we have
By choosing g = x α for 1 ≤ α ≤ n in the above inequality and summing over α, noting that (2.3) and (2.4), we have
This proves the theorem.
In particular, Hile-Protter type inequality implies Payne-Polya-Weinberger type inequality.
Proof of Theorem 1.1. This follows from (Hile-Protter) by using λ k+1 − λ i ≥ λ k+1 − λ k , for any 1 ≤ i ≤ k. Now we prove an analogue to Yang's first inequality on Dirichlet eigenvalues in Z n .
Proof of Theorem 1.4. Multiplying (λ k+1 − λ i ) 2 on both sides of (3.4) and summing over i from 1 to k, we get
where we have used the anti-symmetry of b ij . Multiplying (λ k+1 − λ i ) 2 on both sides of (3.3) and summing over i from 1 to k, we have
By (3.1), for any d ij ∈ R, 1 ≤ i, j ≤ k, we have
In fact, we use the orthogonality condition (3.1) to introduce an additional term involving d ij and then apply the Cauchy-Schwarz inequality in the second line above. This yields that
By (3.6),
By plugging g = x α , 1 ≤ α ≤ n, into the above inequality and summing over α, noting that (2.3) and (2.4), we obtain
This proves the theorem. Now we are ready to prove Yang type second inequality.
Proof of Theorem 1.5. Without loss of generality, we may assume that λ k+1 > λ 1 , otherwise λ 1 = λ 2 = · · · = λ k+1 which implies (Yang-2) trivially. By Yang type first inequality,
n + λ k+1 )) which implies that b i is non-increasing. Using Chebyshev's inequality, see Proposition 2.4, we have
Note that by λ k+1 > λ 1 ,
Then
which proves the theorem.
Applications
In this section, we collect some applications of universal inequalities obtained before. We prove the first gap estimate of Dirichlet Laplacian by universal inequalities.
Proof of Corollary 1.2. The first assertion follows from Theorem 1.1 by setting k = 1. For the second assertion, without loss of generality, we may assume λ 1 < 1. Since the spectrum of Dirichlet Laplacian on Ω is the union of the spectra of Dirichlet Laplacian on its connected components. Suppose that Ω ′ is one of connected components of Ω whose first Dirichlet eigenvalue is λ 1 . It is easy to see that ♯Ω ′ ≥ 2. By Proposition 2.6,
Combining this with the first assertion, we prove the second one.
By Yang type second inequality, Theorem 1.5, we have the following corollary.
Corollary 4.1. Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω.
Proof. By Yang type second inequality, (Yang-2), and the fact λ ≤ λ k+1 ,
The corollary follows.
In [CY07] , Cheng and Yang studied the bound of λ k+1 /λ 1 for a bounded domain Ω ⊂ R n and proved that
Closely following their argument, we obtain its discrete analogue, see Corollary 1.6.
Theorem 4.2. Let λ 1 ≤ λ 2 ≤ · · · ≤ λ k+1 be any positive numbers and B > 0 satisfying
Then we have
Proof. Equation (4.1) is equivalent to
By the definition of F k , we have
And
Multiplying (4.3) by
and then adding it to (4.4), we have
Letting β = k+1 2k+1 , we have
we have
Now we are ready to prove Corollary 1.6.
Proof of Corollary 1.6. Set B = 1 1−λ k . It suffices to show that
By Yang type first inequality, (Yang-1), we have (4.1). By Theorem 4.2, we have
By (4.3) and noting that (k + 1)p k+1 = λ k+1 − 1 + 2B n Λ k , we have
Hence, we have
In the following, we adopt the idea in [Ash] to prove different versions of Yang type second inequality, Hile-Protter type inequality and Payne-Polya-Weinberger type inequality.
For any sequence {λ i } k i=1 of nonnegative real numbers, we define (4.7)
is a probability measure supported on k points {i} k i=1 . We prove another analogue to Yang's second inequality in the discrete setting following the argument of [Ash] .
Theorem 4.3. Let Ω be a finite subset of Z n and λ k be the k-th eigenvalue of the Dirichlet Laplacian on Ω. Then As a quadratic inequality in λ k+1 , one obtains that λ k+1 is less than or equal to the larger root of f (x), which yields (4.8).
For the second assertion, we estimate the last term in the bracket [·] in (4.8) as follows, For λ k ≤ 1 + 2 n , {µ i } k i=1 is a probability measure, which implies that
Plugging it into (4.10), we prove the second assertion.
This result yields other versions of Hile-Protter inequality and Payne-Polya-Weinberger inequality. We omit the proofs here since they are similar to those in Theorem 1.3 and Theorem 1.1.
Theorem 4.5. Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Suppose that λ k ≤ 1 + 2 n , then
where A is defined in (4.9) and µ i is defined in (4.7).
Theorem 4.6. Let Ω be a finite subset of Z n and λ i be the i-th eigenvalue of the Dirichlet Laplacian on Ω. Suppose that λ k ≤ 1 + 2 n , then
